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Introduction
Let G 1 and G 2 be two connected compact Lie groups with classifying spaces BG 1 and BG 2 . Write G 1 ≥ G 2 if there exists a Lie group epimorphism G 1 → G 2 with finite kernel and write BG 1 ≥ BG 2 if there exists a rational equivalence, i.e. a map whose rationalization is a homotopy equivalence, from BG 1 to BG 2 . The purpose of this paper is to investigate the transitive relation ≥ on Lie groups as well as on classifying spaces.
Consider, for some fixed connected compact Lie group G, the finite set of all isomorphism classes of connected compact Lie groups locally isomorphic to G. This set, equipped with the covering group relation ≥, is called the local isomorphism system of G. Its structure was analyzed by Baum [Ba] : Classical Lie group theory tells us that the local isomorphism system of G contains a (uniquely determined) maximal element of the form H ×T where H is the simply connected compact Lie group homotopy equivalent to the universal covering group of G and T is a torus of rank ≥ 0 (isomorphic to the connected component of the center of G.) Any element of the local isomorphism system of G is [Ba, Proposition 2] the quotient of H × T by a I thank C.U. Jensen and S.Jøndrup for supplying the proof of Lemma 3.2 and K. Ishiguro and D. Notbohm for many entertaining discussions special subgroup -a special subgroup, denoted (K, ϕ) , is [Ba, 1] the graph of some homomorphism ϕ : K → T defined on a central subgroup K of H. Thus we may write
for some (essentially unique) special subgroup (K, ϕ). Letting Epi(G 1 , G 2 ) denote the set of Lie epimorphisms of G 1 onto G 2 , the main technical advantage of Baum's approach is expressed in Theorem 0.1. [Ba, Proposition 5, Corollary 6 ] Assume that
are two connected compact Lie groups, locally isomorphic to G, expressed as quotients of H × T .
Epi(G 1 , G 2 ) corresponds bijectively to the set of all pairs (α, β) ∈ Aut(H) × Epi(T )
for which α(K 1 ) ⊂ K 2 and the diagram
commutes. 2. The pair (α, β), satisfying the conditions in (1), represents a Lie group
isomorphism G 1 ∼ =
−→ G 2 if and only if β ∈ Aut(T ) and α(K
Here, Epi(T ) denotes the monoid of of epimorphisms of T onto itself and Aut(H) the group of Lie automorphisms of H.
The bijection in point (1) associates to the pair (α, β) the epimorphism G 1 G 2 covered by α × β : H × T H × T . If G is presented as in ( * ), any other presentation of G has by point (2) the form
for (α, β) ∈ Aut(H) × Aut(T ).
As K 1 is central in H, the restriction of α to K 1 only depends on the image of α in the group Out(H) of outer automorphisms of H. And since Out(H) is a finite group, isomorphic to the automorphism group of the Dynkin diagram of H, Baum's method makes it possible to do actual calculationsa graphic display of the local isomorphism system of U (30) can be found in [Ba] .
A surprising result of Baum's analysis is that two connected compact Lie groups can cover each other without being isomorphic. (The simplest example of this occurs in the local isomorphism system of U (5).) Here is a systematic way of constructing such examples. Suppose that G is presented as in formula ( * ) above and let [G, G] denote the set of isomorphism classes of connected compact Lie groups L with G ≥ L ≥ G. For any epimorphism R : T T which is injective on the subgroup ϕ(K) ⊂ T , define
where (inspired by [N-S] ) the 'F ' stands for 'fake'. The commutative diagram
The isomorphism type of F R G depends on the presentation ( * ). However,
for any choice of (α, β) ∈ Aut(H) × Aut(T ). Hence the set of isomorphism types {F R G}, with R running through the allowable epimorphisms, is presentation independent. It turns out that also F R G ≥ G so that G] , whenever the group in the middle is defined. Actually, any group in [G, G] has this form.
Proposition 0.2. [Proposition 3.1] [G, G] equals the set of isomorphism classes of Lie groups of the form F R G where R ∈ Epi(T ) is injective on ϕ(K) ⊂ T .
A proof of this statement can be found in Section 3. The material of Section 3 also shows that [G, G] is parameterized by the quotient of Aut(ϕ(K)) by the subgroup of those group automorphisms of ϕ(K) that extend to automorphisms of T . For example, [U (n), U(n)], n > 2 contains Following the pioneers [R-S] , we now consider Baum's method from a homotopy point of view.
Recall that BG 1 ≥ BG 2 means that there exists a rational equivalence BG 1 → BG 2 . Of course, G 1 ≥ G 2 implies BG 1 ≥ BG 2 but the converse implication is not true in general (see below). However, BG 1 ≥ BG 2 does imply (Proposition 2.7) that G 1 and G 2 are locally isomorphic so we are in a situation where Baum's method applies.
In the following homotopy version of Theorem 0.1, ε Q (BG 1 , BG 2 ) ⊂ [BG 1 , BG 2 ] denotes the set of homotopy classes of rational equivalences of BG 1 to BG 2 and ε Q (BH) ⊂ [BH, BH] the monoid of homotopy classes of rational self-equivalences of BH. The invertible elements in ε Q (BH) form the group Aut(BH) of homotopy classes of homotopy self-equivalences of BH.
Theorem 0.3. Assume that
1. ε Q (BG 1 , BG 2 ) corresponds bijectively to the set of all pairs 
In the above theorem, η :
where Z H is the center of H, is a certain homomorphism defined in Section 2. See Theorem 2.3 for a p-complete version of Theorem 0.3.
The bijection in point (1) associates to (f H , ϕ) a rational equivalence
The monoid ε Q (BH) and the function η are completely known, rather simple, algebraic structures, see [J-M-O 1 ], ( [Mø] , Theorem 3.1) and Example 2.2, and this theoretically complete determination of all rational equivalences between classifying spaces also appears to be a very user-friendly algorithm in concrete applications; see Example 2.6 containing e.g.
together with a few other explicit formulas. 
where ψ n i (z) = z n i for any z in the center of H i . Assuming that G is given as in the above formula ( * ), define
and note the commutative diagram Point (2) in Proposition 0.4 was proved by H. Scheerer [S] in case of simply connected compact Lie groups; A. Osse [O] 
Now follows an application of Theorem 0.3 and its p-complete analog, Theorem 2.3, to genus sets of Lie group classifying spaces.
Let B be a connected nilpotent space of finite type. Denote by G ∧ 0 (B) the genus set consisting of all connected nilpotent homotopy types X of finite type with completion X ∧ B ∧ and rationalization X (0) B (0) .
The perhaps most famous example of a genus set is 
of the size of the genus set of SU (n). On the other hand compact Lie groups modulo maximal tori are generically rigid, i.e. their genus sets are singletons [G-M, P] . The finiteness of these genus sets is not accidental. Indeed, G ∧ 0 (B) is finite, by Wilkerson [W, Theorem C] , for any simply connected finite CW-complex B. The situation changes drastically when turning to infinite complexes. Rector [R] , with help from McGibbon [McG] at the prime p = 2, found an invariant classifying the elements of the genus set of BSU (2) and used it to show that G ∧ 0 (BSU (2) 
that the classifying space of any Lie group covering and covered by U (n) is of the same genus as BU (n).
The following construction may be seen as an attempt to extract the essence of the FUN Proposition. Assume that G is a connected compact Lie group presented as in formula ( * ) above. For any prime p define This implies in particular, as pointed out to me by K.-I. Maruyama and by the referee, that no nontrivial map connects BSp(2) and BE 5 . See also [I-M-N] for related results.
Roots and covering homomorphisms
This section establishes the terminology pertaining to roots and covering homomorphism of Lie groups to be used in the next section.
Let G be a compact connected Lie group with maximal torus T G . The adjoint representation of T G in the complex vector space C ⊗ R LG is completely determined by its irreducible characters
for some nontrivial irreducible character χ α contained in the adjoint representation. The root system of G is the set
The kernel of the universal covering space homomorphism exp : LT G → T G is naturally isomorphic to the fundamental group π 1 (T G ) so any root α : LT G → R restricts to a homomorphism of ker exp = π 1 (T G ) into ker e = Z; i.e.
is the completion at the prime p of the fundamental group.
The compact connected Lie group G is finitely covered by a compact Lie group of the form H × T where H is a simply connected compact simple Lie group and T is a torus. According to Baum [Ba] we may even arrange that G as a quotient of H × T has the special form
and q is the projection homomorphism. Consider the short exact sequence 
now shows that the roots of H × T precisely are the homomorphism of the
(2) Let α ∈ Φ G be a root. In the basic situation
the walls of the Weyl chambers ([B-tD], Definition V.2.11).) As the intersection
Restricting to the integral lattice gives
The proof of the first part of Lemma 1.1 does not use that q : H×T −→ G is of the special form but only that q is a surjective homomorphism of compact connected Lie groups of the same dimension.
The p-completion of the short exact sequence for the principal K-bundle q|T H × T has the form
where K p is the p-primary subgroup of K. Because p-completion is an exact functor of finitely generated abelian groups, Lemma 1.1 immediately translates into a p-adic version as well. In particular
Rational equivalences
The aim of this section is, for any pair, G 1 and G 2 , of locally isomorphic compact connected Lie groups, to describe an injection
where H × T , H simply connected, T a torus, is a compact Lie group that covers G 1 and G 2 . Here, and in the following,
denotes the set of homotopy classes of rational equivalences X −→ Y and
First, a few remarks about the exponential exact sequence of a torus, T . The integral exponential exact sequence,
relates the torus, its Lie algebra and its integral lattice and it yields an isomorphism of abelian groups
relates the subgroup T p ∞ ⊂ T of elements of p-power order and the p-adic
It is obtained by tensoring
with π 1 (T ) and exploiting the natural isomorphism
The p-adic exponential exact sequence yields an isomorphism of abelian groups F] , Example 5, p. 181) that any abelian group homomorphism between free finitely generated Z ∧ p -modules automatically is Z ∧ p -linear.) Also for any pair, T 1 and T 2 , of tori, we define an isomorphism
by associating to any homomorphism ω the homomorphism η p (ω) such that
is a homomorphism of p-adic exponential exact sequences. Standard homological algebra shows
In particular, η p restricts to an isomorphism of monoids
where Mono(−)(Epi(−)) denotes the monoid of injective (surjective) endomorphisms. There is a parallel construction when T is replaced by a simply connected compact Lie group H. Let Z H denote the center of H and
The map ω H exists by [A-W] and is a rational equivalence by
i , H i simple and H i = H j for i = j (with the convention that Sp(n) and Spin (2n + 1), n > 2, are considered to be distinct only if p = 2) shows that η p is determined by its values for simple Lie groups. If H is simple and
Here is an explicit list of η p for the simply connected compact simple Lie groups. (8) has center Z ∼ = Z/2⊕Z/2 and η 2 maps Out(Spin (8)) ∼ = Σ 3 isomorphically to Aut(Z) and all unstable Adams operations to the identity. Spin (2n), n > 4 even, has center Z ∼ = Z/2 × Z/2 and η 2 (α), 1 = α ∈ Out(Spin (2n)) ∼ = Σ 2 , is the nontrivial automorphism of Z that fixes the kernel of the double covering
2 ) * and t ∈ Z. iii) E 6 has center Z ∼ = Z/3 and η 3 maps Out(E 6 ) ∼ = Σ 2 isomorphically to Aut(Z); η 2 (ψ λ )(t) = t λ mod 3 for all λ ∈ (Z ∧ 3 ) * and t ∈ Z. iv) In all other cases, η p is trivial.
The locally isomorphic compact connected Lie groups G 1 and G 2 may be assumed given on the form
where T is a torus, H is a simply connected compact Lie group and ϕ i :
where
of integral spaces and similar fibrations of p-completed spaces. The following theorem describes the set
(1) The product maps 
Proof.
(1) It suffices to prove surjectivity as the two maps in point (1) are monomorphisms by general principles.
Let g be a rational self-equivalence of
belongs to the normalizer N (W H×T ) of the Weyl group of H × T in the general linear group of the vector space (π 1 (T H ) × π 1 (T )) ⊗ Q p . An elementary linear algebra calculation, using the fact that the inverse roots of
is the product of the normalizer N (W H ) of the Weyl group of H in the general linear group of π 1 (T H ) ⊗ Q p and the full general linear group of
Now define f H to be the composition
of g and the obvious inclusion and projection maps. A look at the homotopy 
The map between the classifying spaces of the maximal tori is a rational equivalence since f is one, see ([J-M-O 2 ], Proposition 1.2), so it induces on homotopy some ω :
, are the projections. The isomorphism ω ⊗ Q is admissible [A-W] in the sense that for any
i.e. that also ω is an admissible automorphism. Admissibility implies, see [Mø] 
for some nonzero scalar λ ∈ Q p . By Lemma 1.1,
Hence, for any root α 2 of G 2 , there exists a root α 1 of G 1 such that
As α 2 runs through the root system Φ 2 of G 2 , α 1 runs through the root system Φ 1 of G 1 and we conclude that
. Since (q 1 ) * and (q 2 ) * are monomorphisms, ω restricts to a monomorphism ω T :
This monomorphism will make also the diagram
commute; here the exact rows are the short exact sequences for the principal
Hence the only obstruction,
We may view f H as the 2-connected cover f 2 of f (which is a self map of
Thus f H is uniquely determined by f and is a homotopy equivalence if f is one. Also f T is uniquely determined by f as π 2 (f T ) = ω T is a restriction of π 2 (f ) and, since α is injective (see the proof of (3)), ω T is an isomorphism if π 2 (f ) is one.
(3) Define i l , l = 1, 2, by the commutative diagram
Let, as above, f H × f T be the lift of the rational equivalence f :
Then the outer and lower square of the diagram
• i 1 are conjugate and even identical because the image i • i 2 • α is central in H × T . This is equivalent to saying that α fits into the commutative diagram of (3). Note that α must be injective since
Assume, conversely, that the diagram in (3) can be completed commutatively by some α. The above diagram of classifying spaces will then be homotopy commutative and so the " Zabrodsky spaces will then be homotopy commutative and so the " Zabrodsky Lemma" ( [Mi] , Proposition 9.5; [Z], Lemma 3.1), or Proposition 1.
Thus we may say that
Moreover, a pair (f H , ϕ), for which this diagram commutes, represents a homotopy equivalence 
In the general case we have,
If ϕ 1 and ϕ 2 are trivial, i.e. G i = (H/K i ) × T , i = 1, 2, the above inclusion is an identity generalizing (1) in Theorem 2.3. Example 2.5. i) Let k be a natural number and let Γ k ⊂ U (n), n = p j m , (p, m) = 1, be the subgroup of all diagonal matrices θE where
where ω generates Z = Z SU(n) as in Example 2.2. Commutativity of
as sets and as monoids if k = l. In particular,
for any pair of central subgroups
, Example 2.1).
We now turn to Theorem 0.3, i.e. the integral version of Theorem 2.3. Note that, as in the p-complete case, there exists a homomorphism of monoids
given by η(f ) = ϕ|Z H where ϕ ∈ Aut(T H ) gives a lift to BT H of f .
Proof of Theorem 0.3. First note that the product maps
are monoid isomorphisms: Again, it suffices to prove surjectivity. For g ∈ ε Q (BH × BT ), let f H ∈ ε Q (BH) be the map induced by g on the 3-connected cover (BH × BT ) 3 BH and let ϕ ∈ Epi(T ) be the epimorphism with π 2 (g) = π 2 (Bϕ) on π 2 (BH × BT ) = π 2 (BT ). Then g ∧ (f H × Bϕ) ∧ by point (1) of Theorem 2.3, so, since completion
Suppose that f : BG 1 → BG 2 is a rational equivalence. There exist by point (2) of Theorem 2.3 maps
homotopy commutative. Since the projection maps Bq 1 and Bq 2 are rational equivalences, there also exists a homotopy equivalence f (0) making the rationalized diagram
homotopy commute. Applying the rationalization functor to the first and the formal completion functor to the second of the above diagrams, and remembering that ((Bq 1 ) ∧ ) (0) and ((Bq 2 ) ∧ ) (0) are homotopy equivalences, we see that the rationalization of f ∧ H ×f ∧ T agrees with the formal completion of f (0) as self maps of ((BH × BT ) ∧ ) (0) . By Sullivan's Arithmetic Square [B-K], f ∧ H ×f ∧ T and f (0) come from a self map of BH ×BT . This self map is a rational equivalence (its rationalization f (0) is a homotopy equivalence) and therefore of the form f H × Bϕ for some f H ∈ ε Q (BH) and some ϕ ∈ Epi(T ). Since
The uniqueness clauses of Theorem 2.3 together with injectivity of completion show that f H and ϕ are uniquely determined by f .
Conversely, suppose f H ∈ ε Q (BH) and Bϕ ∈ ε Q (BT ) are rational equivalences such that η(f H )(K 1 ) ⊂ K 2 and
commutative. Then there exists by point (3) of Theorem 2.3 a map f ∧ such that 
In particular, α[n 1 , . . . , n t ; R] ∈ ε Q (BH) × ε Q (BT ) given, with notation as in Section 0, by Mø] , Theorem 3.1) and [J-M-O 1 ], and
The next proposition shows that Theorem 2.3 covers all existing rational equivalences between classifying spaces of compact connected Lie groups.
Proposition 2.7. Two compact connected Lie groups, G 1 and G 2 , are locally isomorphic if any of the following three conditions holds 
when G 1 and G 2 are simply connected simple Lie groups. To see this, choose a homomorphism
homotopy commutes with some rational equivalence at the bottom. The induced map ω * : π 1 (T 1 )⊗Q −→ π 1 (T 2 )⊗Q is an admissible isomorphism. Therefore there exist a bijection ϕ :
of positive roots and a function λ :
These two identities imply that ϕ preserves the product n αβ n βα of Cartan numbers so since ϕ, at least after composition with an automorphism from the Weyl group of G 2 , can be assumed to preserve the simple roots, ϕ determines an isomorphism of Coxeter graphs. Hence G 1 ∼ = G 2 or G 1 , G 2 ∈ {Spin (2n + 1), Sp(n)} for some n > 2. But even in the latter case G 1 ∼ = G 2 for Ishiguro showed ( [I] , Theorem 5(a)) that there exist no essential maps BSpin(2n + 1) ↔ BSp(n), n > 2.
In the general case, view G i as a finite quotient of H i × T n i where H i is simply connected and T n i is an n i -dimensional torus. If BG 1 and BG 2 are rationally equivalent so are the 2-connected covers BH 1 BG 1 2 and BH 2 BG 2 2 and
To show H 1 ∼ = H 2 we again exploit admissibility. Choose a homomorphism corresponds to a unique simple factor S 2 H 2 such that ω * maps the direct summand of π 1 (T 1 ) ⊗ Q corresponding to S 1 isomorphically to the direct summand of π 1 (T 2 ) ⊗ Q corresponding to S 2 . The composition
of the rational equivalence f with the obvious inclusion and projection, is then again a rational equivalence and so S 1 ∼ = S 2 by the first part of this proof. This shows H 1 ∼ = H 2 . (2) is proved similarly using ( [I] , Theorem 5(b)), which says that all maps BSpin(2n + 1) ∧ 2 ↔ BSp(n) ∧ 2 are nonessential, to handle the special case of simply connected simple groups. These kind of difficulties do not occur in (3) where admissibility suffices.
When the prime p is odd, any simple factor of type C n , n > 2, can always be replaced by a simple factor of type B n without changing the homotopy type of the p-completed classifying space.
Finally, a simple test for a map to be a rational equivalence. 
is a rational equivalence if and only if the induced map
H * (f ; Z ∧ p ) ⊗ 1 Q : H * ((BG 1 ) ∧ p ; Z ∧ p ) ⊗ Q ←− H * ((BG 2 ) ∧ p ; Z ∧ p ) ⊗ Q is an isomorphism.
Proof of (2).
If H * (f ; Z ∧ p ) ⊗ Q is an isomorphism of graded algebras, the induced map of indecomposables is an isomorphism of modules over Q p naturally identifiable to the dual of the induced homomorphism
is thus a homotopy equivalence. Conversely, if f is a rational equivalence, its fibre, F , is a connected torsion space and hence H * (F ;
Local isomorphism systems
This section contains the proofs of Proposition 0.2, Proposition 0.4 and Proposition 0.5. As in Section 0,
2 ) are two Lie groups locally isomorphic to some fixed connected compact Lie group G = H × T (K, ϕ) . Here, H is a simply connected compact Lie group and if H = t i=1 H i , where H i is simple, the derived group
Proposition 3.1. Let G 1 and G 2 be two locally isomorphic compact connected Lie groups. Then
is equivalent to the lifting problem
whose solution Lemma 3.2 assures; here, ∂ is the homomorphism classifying the principal bundle T −→ T / im (Rϕ 1 ) or T −→ T / im ϕ 1 . Thus there exists an epimorphism S ∈ Epi(T ) making the diagram
Lemma 3.2. Let R be a commutative ring, M a finitely generated R-module, F a finitely generated free R-module and
ii) If R = Z, M is a finite abelian group and n is a natural number such that nM = 0 then there exists a monomorphism f : F −→ F such that ∂ 2 f = ∂ 1 and (n, detf ) = 1.
Nakayama's lemma ( [Ma] , 1. M) applied to the kernel and cokernel of f shows that f is an isomorphism. In the general case, choose a minimal basis ( [Ma] , 1. N) of M , i.e. a free finitely generated R-module F i and an epimorphism ∂ i : F i M inducing an isomorphism ∂ i ⊗ R k of vector spaces. By projectivity, there exists a homomorphism η i such that the diagram
commutes; η i is an epimorphism by Nakayama's lemma. Thus F ∼ = F i ⊕F i is a direct sum of two finitely generated free modules,
is any homomorphism such that ∂ 2 f = ∂ 1 and f :
ii) M is a module over the Artinian ring Z/nZ and has as such a projective cover π :
M . For any other epimorphism p : P M from a projective module P onto M there exists a module K and an isomorphism
In particular, we have a commutative diagram
t t t t t t t t t t t

A A
is an isomorphism of F/nF , the determinant of f is invertible in the ring Z/nZ.
Proof of Proposition 0.4.
(1) Suppose BG 1 ≥ BG 2 . Then there exists an f ∈ ε Q (BH) and an R ∈ Epi(T ) making the diagram
commute. The rational equivalence f has, cf. the remarks preceding Example 2.2, the form f = Bα • ψ n i for some (outer) automorphism α of H and some natural numbers n i prime to the Weyl group order of H i . Rearranging the above commutative diagram we obtain another commutative diagram
(2) If BG 1 and BG 2 are homotopy equivalent, then, because Aut(BH) = Out(H) e. g. by ( [Mø] , Corollary 3.2), the first of the above diagrams commutes with η(f ) = η(Bα) = α for some α ∈ Out(H) and some R ∈ Aut(T ) and thus G 1 and G 2 are isomorphic ( [Ba] , Corollary 6) Lie groups.
We shall later need a slightly stronger version of point (1) 
Proof. By Dirichlet's Theorem there are infinitely many prime numbers congruent to m i modulo w i . Choose one such prime which is larger than w i and call it n i . Do this for each i. The result follows.
The proof of Proposition 3.3 shows that any rational equivalence f : BG 1 → BG 2 has a factorization of the form
where m i ∈ N is prime to, and congruent to n i modulo the order of, the Weyl group of
Note also, in connection with the proof of point (2) of Proposition 0.4, that Theorem 2.3 contains as a special case the isomorphism
Combining (the proofs of) Proposition 3.1 and Proposition 3.3 results in Proposition 3.5. The following three conditions are equivalent:
i) There are no covering homomorphisms between
det R, so condition (2) in Proposition 3.5 can not be sharpened to
for all choices of n 1 , n 2 ∈ N with (n 1 n 2 , 5!) = 1, so condition (2) in Proposition 3.5 can not be sharpened to
No covering homomorphism exists between G 1 and G 2 as no Lie group automorphism of H takes ∆ 1 to ∆ 2 .
The structure of the local isomorphism system of a connected compact Lie group G is conveniently represented by an oriented graph: Define where G is at the top and the projective group G/Z G is at the bottom. In the middle row are the quotients of G by the special subgroups ∆ 0 , ∆ 1 , and ∆ 2 (in the notation of Example 3.6). Now define the homotopy local isomorphism system of G to be the set of isomorphism classes of connected compact Lie groups locally isomorphic to G equipped with the relation G 1 G 2 if BG 1 ≥ BG 2 . Also this ordered set may be represented by an ordered graph in the same way as was done for the local isomorphism system. This time we group together all groups equivalent under the equivalence relation because (ψ 1 × ψ 7 )(∆ 1 ) = ∆ 2 and no other relations are introduced.
The genus set of BG
For a compact connected Lie group G = H × T (K, ϕ) , the set G, G consists (Proposition 3.5) of the derived groups 
commutes. By the remarks preceding Example 2.2, the homotopy equivalence f has the form
where u i ∈ (Z ∧ p ) * is a p-adic unit and g is a composition of automorphisms of H and possibly some exceptional isogenies. However, η p is trivial on any exceptional isogeny, so η p (f ) = α • ψ n i |Z H for some α ∈ Out(H) and some natural numbers n i ∈ N with n i ≡ u i mod |Z H | and, by Lemma 3.4, ( n i , |W H |) = 1. According to Lemma 3.2, the derived commutative diagram
can be completed by some R ∈ Epi(T ) whose determinant is not divisible by p. Hence (α, 1 T ) covers a Lie group isomorphism
The implications (2) ⇒ (3) ⇒ (4) follow from Proposition 3.5. Now assume (4). Since 
2 so BG 1 and BG 2 are of the same genus but neither
whenever p k and p l but
only if k ≡ ±l mod p by Theorem 0.1. Hence condition (2) in Proposition 4.1 can not in general be sharpened to G
2 . More preparation is necessary before the proof of Theorem 0.8. Let B be a connected nilpotent space of finite type. A homotopy self-equivalence V of the formal completion
is a nilpotent space of finite type of the genus of B. In fact, Wilkerson showed [W, Theorem 3.8 ] that the assignment V → B V induces a bijection
of pointed sets. Consider the subsets
Proof. Suppose X ∈ G ∧ 0 (B) − . Let α : B → X be a rational equivalence and β : B ∧ → X ∧ a homotopy equivalence. The commutative diagram
commutes and induces a rational equivalence from B to B V −1 . Similar arguments apply to G ∧ 0 (B) + .
In the case of B = BG and X = BF R G[n 1 , . . . , n t ], we have (see Section 2) a rational equivalence
as well as a homotopy equivalence Lemma 4.5. Let G be a simple Lie group with Weyl group W G . Then any rational self-equivalence g ∈ ε Q (BG ∧ ) has the form g = f • ψ n for some homotopy self-equivalence f ∈ Aut(BG ∧ ) and some natural number n prime to |W G |. Finally we deal with Theorem 0.8. Using the notation introduced in this section,
Proof
is an alternative formulation of that theorem.
Proof of Theorem 0.8. Let X ∈ G ∧ 0 (BG) − . By Lemma 4.3, X is classified by V −1 ∈ CAut((BH ∧ × BT ∧ ) (0) ) for some V ∈ ε Q (BG ∧ ) ⊂ ε(BH ∧ ) × ε Q (BT ∧ ). Any rational equivalence of BH ∧ has (Lemma 4.6) the form f • ψ n i for some f ∈ Aut(BH ∧ ) and some natural numbers n i prime to the order of the Weyl group of the ith simple factor H i of H and any rational equivalence of BT ∧ has the form β • S for some β ∈ Aut(BT ∧ ) and some S ∈ ε Q (BT ). Thus
where the diagrams
/ / T p ∞ commute and have isomorphisms as indicated. These diagrams remain commutative if n i is replaced by any natural number with the same residue modulo the order of the Weyl group of H i . Note that such a replacement does not change the equivalence class of V −1 , which is also the equivalence class of (f −1 , β −1 ), in the double coset formula for G ∧ 0 (BG). According to Lemma
In other words, G ∧ 0 (BG) − = B( G, G ) = G ∧ 0 (BG) + is a finite set consisting of those Lie group classifying spaces BL for which BG ≥ BL ≥ BG. For example, [Mø, Example 3.7] .) The full genus set G ∧ 0 (BG) contains in general (Example 4.2) other Lie group classifying spaces than those in G ∧ 0 (BG) ± ; namely (Proposition 0.6) all homotopy types BL for which L (p) ∈ G (p) , G (p) for all primes p. Alternatively, X ∈ G ∧ 0 (BG) is [N-S, N 2 ] the classifying space of a compact connected Lie group if X has a maximal torus.
